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Abstract
We analyze the possibility of constructing supersymmetric curved domain
wall solutions in five-dimensional N = 2 gauged supergravity, which are sup-
ported by non-constant scalar fields belonging either to vector multiplets only or
to vector and hypermultiplets. We show that the BPS equations for the warp fac-
tor and for the vector scalars are modified by the presence of a four-dimensional
cosmological constant on the domain wall, in agreement with earlier results by
DeWolfe, Freedman, Gubser and Karch. We also show that the cosmological
constant on the domain wall is anti-de Sitter like and that it constitutes an in-
dependent quantity, not related to any of the objects appearing in the context
of very special geometry.
1 Introduction
The idea [1] that our four-dimensional universe is just a domain wall embedded in
five-dimensional spacetime has attracted a lot of attention recently [2]-[6]. So far, the
study of BPS domain wall solutions in five-dimensional gauged supergravity has been
restricted to the case of flat four-dimensional domain walls [7]-[15]. However, on general
grounds, it is quite natural to ask whether there also exist curved BPS domain walls in
five-dimensional gauged supergravity, i.e. four-dimensional curved domain walls with
a non-vanishing cosmological constant. Such curved domain walls seem to play an
important role in the context of locally localized gravity [16]-[18] in spaces with infinite
volume.
In four dimensions, curved BPS domain wall solutions were recently constructed [19] in
the context of N = 2 gauged supergravity coupled to vector multiplets. There it was
shown that an anti-de Sitter cosmological constant on the domain wall is related to both
the imaginary part of the superpotential and to a non-vanishing U(1)-connection. Such
a non-vanishing connection is also known to give rise to rotating four-dimensional BPS
black hole solutions [20, 21]. Since this U(1)-connection is expressed in terms of a set
of harmonic functions that also determine the behaviour of the scalar fields belonging
to the vector multiplets, the anti-de Sitter cosmological constant on the domain wall
does not constitute an independent quantity.
On the other hand, in N = 2 gauged supergravity in five dimensions, there is no
such U(1)-connection due to the reality property of very special geometry and hence, a
mechanism similar to the one discussed above is not available. Nevertheless, as we will
show in this paper, it may still be possible to construct curved domain wall solutions
which are supported by non-constant scalar fields belonging either to vector multiplets
only or to vector and hypermultiplets (we do not discuss the case of curved domain
wall solutions with non-constant hyper scalar fields only). To achieve this, one has
to give up the requirement that the potential of the theory be written solely in terms
of a real superpotential W . The resulting BPS equations for the warp factor and for
the vector scalars are then modified by the presence of a four-dimensional cosmological
constant on the domain wall. These modified flow equations are in agreement with the
earlier findings of [22], which were established in the context of non-supersymmetric
gravitational theories in five dimensions. We will also show that the cosmological
constant on the domain wall is then necessarily anti-de Sitter like and that it constitutes
an independent quantity, not related to any of the objects appearing in the context of
very special geometry. This is again in analogy with the angular momentum carried by
five-dimensional rotating BPS black hole solutions in the theory of N = 2 ungauged
supergravity coupled to vector multiplets, where the angular momentum enters as
an independent quantity in the expression for the macroscopic Bekenstein-Hawking
entropy [23].
In the case that all of the scalars are taken to be constant, the resulting solution
describes an N = 2 five-dimensional anti-de Sitter vacuum with an (anti-)de Sitter
foliation along the radial coordinate as in [22].
2 Setup
The five-dimensional N = 2 gauged supergravity theory that we will consider in the
following is the one constructed in [24], describing the general coupling of nV abelian
vector multiplets and of nH hypermultiplets to supergravity. The scalar fields φ
x (x =
1, . . . , nV ) of the vector multiplets parametrize a very special manifold, whose sections
hI(φ) satisfy the constraint [25]
CIJKh
IhJhK = 1 , (1)
with real CIJK (I = 0, . . . , nV ). The dual fields hI(φ) are defined by
hI = CIJKh
JhK . (2)
The hypermultiplet scalars qX , on the other hand, parametrize a quaternionic Ka¨hler
geometry determined by 4nH-beins f
iA
X (q
X), with the SU(2) index i = 1, 2 and the
Sp(2nH) index A = 1, . . . , 2nH , raised and lowered by the symplectic metrics CAB and
εij. We refer to [24] for more details.
We will be interested in the construction of BPS solutions with spacetime metrics given
by
ds2 = e2U(r)gˆmndx
mdxn + e−2pU(r)dr2 (3)
with gˆmn = gˆmn(x
m). Here we denote spacetime indices by xµ = (xm, r) and the
corresponding tangent space indices by a = (0, 1, 2, 3, 5). The constant p is introduced
for later convenience. We assume Lorentz invariance in the four-dimensional subspace
a = (0, 1, 2, 3). The metric gˆmn is thus a four-dimensional constant curvature metric,
Rˆmn = −12l2 gˆmn , (4)
with the four-dimensional cosmological constant proportional to l−2. The case of (imag-
inary) real l corresponds to a four-dimensional (anti-) de Sitter spacetime. We take the
solutions to be uncharged, that is we set the gauge fields to zero. We allow for a non-
trivial dependence of the scalar fields on the coordinate r, and we write φ′ = ∂φ/∂r,
q′ = ∂q/∂r as well as U ′ = ∂U/∂r.
In the absence of gauge fields, the supersymmetry transformation laws for the gravitini
ψµi, for the gaugini λ
x
i and for the hyperini ζ
A read [24, 15]
δψµi = Dµ(ω)ǫi +
i√
6
g γµ Pij ǫ
j , (5)
δλxi = − i2( 6∂φx)ǫi + g P xij ǫj , (6)
δζA = − i
2
fAiX( 6∂qX)ǫi + g NAi ǫi , (7)
2
where (as for all triplets Pij = iP
s(σs)ij)
P s ≡ hI(φ)P sI (q) , P sx ≡ −
√
3
2
∂xP
s = hIxP
s
I ,
NAi ≡
√
6
4
fAiXK
X , KX ≡ hI(φ)KXI (q) . (8)
The scalar potential of such a theory is given by the squares of the shifts of the super-
symmetry transformations
V = −4P sP s + 2P sxP sy gxy + 2NiAN iA (9)
and depends only on the triplet of prepotentials P s and their derivatives. By decom-
posing the triplet P s into its norm and phases,
P s =
√
3
2
WQs , QsQs = 1 , (10)
one obtains
W = hI(φ) PI , PI ≡
√
2
3
P sI (q)Q
s (11)
as well as [15]
V = −6W 2 + 9
2
gΛΣ∂ΛW∂ΣW +
9
2
W 2(∂xQ
s)(∂xQs) . (12)
Here gΛΣ denotes the metric of the complete scalar manifold, which is positive definite,
involving the scalars of both the vector and the hypermultiplets. The derivatives acting
on the SU(2) phases Qs are just computed with respect to the scalars of the vector
multiplets. As noted in [15], when ∂xQs = 0, i.e. when the phases only depend on the
quaternions (or when they are constant), then the potential goes into a form for which
gravitational stability is guaranteed [26].
We can now compute the integrability conditions coming from the vanishing of the
gravitini variation (5). As already stated above, we only allow for a non-trivial depen-
dence of the scalar fields on the coordinate r. This results in the following integrability
conditions (for p = 0):
Rmn =
[
4g2W 2 − 1
3
φx′φy′gxy(φ)− 16qX′qY ′gXY (q)− 14KXKY gXY (q)
]
e2U gˆmn,(13)
Rrr = 4g
2W 2 − 4
3
φx′φy′gxy(φ)− 23qX′qY ′gXY (q)−KXKY gXY (q) , (14)
where we also made use of the vanishing of the transformations (6) and (7).
For a metric of the form (3) subject to (4) this yields
3U
′′
+ 12
l2
e−2U = −φx′φy′gxy − 12qX′qY ′gXY − 92 g2gXY ∂XW∂YW , (15)
(U ′)2 − 4
l2
e−2U = g2W 2 , (16)
3
where we used that gXY K
XKY = 6gXY ∂XW∂YW . For supersymmetric configura-
tions, these equations are equivalent to the Einstein equations. It follows that the BPS
equations we will obtain below must be compatible with (15) and (16). From (16) we
obtain that
U ′ = ±γ(r) gW , (17)
where
γ(r) =
√
1 +
4e−2U
l2g2W 2
. (18)
The first order differential equation (17) for the warp factor eU was also derived in [22]
in the context of non-supersymmetric five-dimensional gravity theories.
3 Flat BPS domain walls
The case of flat BPS domain walls without hypermultiplets has already been discussed
extensively in the literature [10]-[13]. Flat BPS domain walls with hypermultiplets
have been discussed in [12, 14, 15]. Here we briefly review some of the features of
these solutions, and we present an extension of these results to the case of non-trivial
hypermultiplets.
Inserting the spacetime line element (3) into the gravitini variation yields
δψmi = Dˆmǫi + 12epU∂rUγmγ5ǫi + i2 gWQij γm ǫj , (19)
δψri = ∂rǫi − qX′ ωX ijǫj + i2 gW e−pUQij γ5 ǫj , (20)
where Dˆm denotes the covariant derivative with respect to the metric gˆmn.
First consider the variation δψmi = 0. Since the four-dimensional domain wall is flat
(γ = 1), we set
Dˆmǫi = 0 . (21)
We then obtain from δψmi = 0 that
1
2
epU∂rUγ5ǫi = − i2gWQijǫj . (22)
The consistency of (22) implies that
e2pU
(
∂rU
)2
= g2W 2 , (23)
and hence
epU∂rU = ±gW , (24)
4
which is in accordance with (17). Inserting (24) into (22) yields the projector condition
iγ5ǫi = ±Qijǫj . (25)
Since this is the only condition we impose on the supersymmetry parameters, we con-
clude that the resulting flat domain wall solutions preserve 1/2 of N = 2 supersym-
metry.
Next, let us consider the vanishing of the variation of the other fermion fields. Using the
projector equation (25), it follows from (6) and (7) that the scalar fields φΛ = {φx, qX}
have to satisfy [15]
φΛ
′
= ∓3g e−pU gΛΣ∂ΣW . (26)
We note that (26) and (24) imply (15).
Consistency of the above equations also gives the following constraint on the phases
Qs [15]
∂xQ
s = 0. (27)
Thus, it follows from (11) that W = hI(φ)PI(q). Using the chain rule ∂rhI = ∂xhIφ
x′
as well as (24), one then obtains from (26) that
epU∂rhI(φ) + 2e
pU(∂rU)hI(φ) = ±2gPI(q) . (28)
We note that (28) implies (24). This follows simply by contracting (28) with hI and
using that hIhI = 1 as well as its consequence h
I∂rhI = 0.
Next, we introduce the rescaled fields
Y I = eUhI , YI = e
2UhI , (29)
It then follows from (1) and (2) that
e3U = CIJKY
IY JY K , YI = CIJKY
JY K . (30)
Setting
p = 2 (31)
for convenience [12], we then obtain from (28) that
∂rYI = ±2gPI(q) , (32)
which is solved by
YI = cI ± 2g
∫ r
dr′ PI(q) , (33)
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where the real cI denote integration constants. A solution to this equation in closed
form can only be given if one determines the behaviour of the quaternions qX . It
does not appear to be possible to determine the behaviour of PI(q) in a way that is
independent from the vector multiplet scalars.
When only vector multiplets are present, and in the case of Abelian gaugings, the
superpotential W reduces to W = hIαI , where αI are the Fayet-Iliopoulos terms,
which are constant. Then it follows that [12]
YI = cI ± 2gαIr . (34)
These equations are called attractor equations.
4 Curved BPS domain walls
Now we take gˆmn to be a constant curvature metric satisfying (4). Then (21) gets
modified, and a natural ansatz describing this modification is given by
Dˆmǫi = f(r) eˆmaγaγ5ǫi + i
2
h(r)Qij eˆm
aγaǫ
j , (35)
where f(r) and h(r) denote real functions. Equation (35) gives rise to the following
integrability condition:
f 2(r)− 1
4
h2(r) =
1
l2
. (36)
As we shall see momentarily, the simple choices f 2 = l−2, h = 0 and f = 0, h2 = −4l−2
for the case of real and imaginary l, respectively, do not lead to a supersymmetric
solution.
We set p = 0 in the following. Inserting (35) into the supersymmetry condition δψmi =
0 now yields (
e−Uf(r) + 1
2
∂rU
)
γ5ǫi = − i2
(
e−Uh(r) + gW
)
Qijǫ
j . (37)
The consistency of (37) implies that
e−Uf(r) + 1
2
∂rU = ±12
(
e−Uh(r) + gW
)
. (38)
Then, combining (38) with (36) and using (17) yields
f(r) = ∓1
2
eUγ gW , h(r) = −eUgW , (39)
with γ given by (18). We note that when inserting (39) into (37) both sides of the
latter equation vanish, so that (37) does not result in a restriction of the amount of
supersymmetry preserved by the solution.
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In the case of constant scalar fields, the superpotential W is constant and equation
(17) can be solved explicitly. For γ 6= 0 and |l| 6=∞ the solution reads
eU =
2
lgW
sinh
(
± gW (r − r0)
)
(40)
for real l, whereas for imaginary l it is given by
eU =
2
|l|gW cosh
(
± gW (r − r0)
)
. (41)
As shown in [22], this describes a four-dimensional (anti-)de Sitter foliation of the
N = 2 supersymmetric AdS5 vacuum. It can be checked that (15) is satisfied by this
solution. The case γ = 0, on the other hand, does not lead to a solution of (15).
Let us now turn to the case of non-constant scalar fields. First consider the case when
∂xQ
s = 0. Below we will show that, in order to construct non-trivial solutions to the
gaugino variation equation δλxi = 0 preserving 1/2 of N = 2 supersymmetry, one has
to impose the projector condition (25) on the supersymmetry parameters. Inspection
of (37) then shows that f = h = 0, so that l−1 = 0 and γ = 1, which gives rise to a flat
domain wall solution.
Thus, in order to obtain curved BPS domain wall solutions with either non-constant
vector scalar fields or non-constant vector and hyper scalar fieldsa, one has to allow for
a dependence of the Qs on some of the vector multiplet scalarsb. We will shortly see
that this implies that the projector condition (25) has to get modified, as follows:
iγ5ǫi = A(r) Qi
jǫj +B(r)Mi
jǫj . (42)
The SU(2)-valued matrix Q = iQsσs contains the phases of the prepotentials Pij (as in
(10)), which may now depend on both the vector and the hyper scalars, andM = iMsσs
denotes an SU(2)-valued matrix satisfyingMi
jMj
k = −δi k (i.e. MsMs = 1). Without
loss of generality, we take Q andM to be orthogonal in SU(2) space, so that QsMs = 0.
The consistency of (42) then yields that
A2(r) +B2(r) = 1 . (43)
Since (42) is the only condition we will impose on the supersymmetry parameters, the
resulting curved domain wall solutions will preserve 1/2 of N = 2 supersymmetry.
Inserting (42) into the gaugini variation equation δλxi = 0 yields (with p = 0)(
A(r) Qi
jǫj +B(r)Mi
jǫj
)
φx′ =
√
6g gxy∂yPi
jǫj . (44)
aIt may be possible to construct curved domain wall solutions with only non-constant hyper scalars
turned on [27].
bIn N = 2 gauged supergravity coupled to vector multiplets only, it may be possible to achieve
∂xQ
s 6= 0 by a non-abelian gauging.
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Then, using the decomposition of P s given in (10) yields
(
A(r) Qs +B(r) Ms
)
φx′ = 3g gxy(Qs∂yW +W∂yQ
s). (45)
Since Qs∂xQ
s = 0, the two pieces on the right hand side of this equation are orthogonal
to each other, and hence it follows that
A(r)φx ′ = 3g gxy∂yW (46)
as well as
B(r)Msφx′ = 3 gW gxy∂yQ
s . (47)
Inspection of (47) shows that if the Qs do not depend on any of the vector scalar fields,
then either all the vector scalar fields are constant, or BMs = 0. In the latter case,
the projector condition (42) reduces to (25), thus yielding flat domain wall solutions.
Hence we take ∂x˜Q
s 6= 0 in the following. We denote the subset of vector scalar fields,
on which the Qs depend, by φx˜. The remaining vector scalars will be denoted by φxˆ.
In order to be able to solve (46) and (47), we take the metric gxy to be factorisable as
gxy = (gxˆyˆ, gx˜y˜). Then, we find from (46) and (47) that
φxˆ = constant , ∂xˆW = 0 . (48)
The scalar fields φx˜, on the other hand, are non-constant.
Squaring (47) and using MsMs = 1 yields
B2(r) = 9g2W 2
gx˜y˜(∂x˜Q
s)(∂y˜Q
s)
gx˜y˜ φx˜′φy˜′
. (49)
Since the right hand side of (49) is positive definite due to the reality of the Qs and
the positivity of the metric gx˜y˜, we conclude that B(r) is a real function.
On the other hand, we obtain from (47) that
Ms =
3gW
B
φx˜′∂x˜Q
s
gx˜y˜ φx˜′φy˜′
. (50)
Squaring this and using again that MsMs = 1 yields
B2(r) = 9g2W 2
(
φx˜′∂x˜Q
s)(φy˜′∂y˜Q
s
)
(gx˜y˜ φx˜′φy˜′)2
. (51)
Equating (51) with (49) then yields
(φx˜′∂x˜Q
s)(φy˜′∂y˜Q
s) = (gx˜y˜ φ
x˜′φy˜′) (gz˜w˜(∂z˜Q
s)(∂w˜Q
s)) . (52)
We note that in the case that Qs only depends on one scalar field φx˜, then the relation
(52) is automatically satisfied.
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We now determine A(r) by using the integrability condition resulting from the gravitini
equation δψmi = 0. Inserting (42) into (19) yields
Dˆmǫi = i2 (U ′A + gW ) γmQijǫj + i2U ′BγmMijǫj , (53)
whose integrability gives
(U ′A + gW )
2
+B2(U ′)2 = −4l−2e−2U . (54)
Inserting (43) as well as (17) into (54) then gives
A(r) = ∓γ(r) . (55)
Since the left hand side of (54) is positive definite, we conclude that l has to be purely
imaginary. Thus we conclude that the presence of non-constant vector scalars excludes
the possibility of having BPS de Sitter like domain walls.
Inserting (55) into (46) yields
φx˜ ′ = ∓3g γ−1 gx˜y˜∂y˜W . (56)
Comparison of (26) with (56) shows that, in the presence of an anti-de Sitter cosmolog-
ical constant on the wall, the flow equation for the vector scalar fields φx˜ gets modified
by a factor γ−1. This is in agreement with a similar finding [22] in the context of
non-supersymmetric gravity theories in five dimensions.
We note that in the case of constant hyper scalars, (56) and (17) imply (15).
Using the chain rule ∂rhI = ∂xhIφ
x′ = ∂x˜hIφ
x˜′ as well as (17), one obtains from (56)
that
∂rhI(φ) + 2γ
−2(∂rU)hI(φ) = ±2gγ−1PI . (57)
We note that (57) implies (17). This follows simply by contracting (57) with hI and
using that hIhI = 1 as well as h
I∂rhI = 0.
Introducing the rescaled fields
Y I = e
∫
r
dr′γ−2(r′)(∂
r
′U) hI , YI = e
2
∫
r
dr′γ−2(r′)(∂
r
′U) hI (58)
yields
∂rYI = ±2gγ−1 e2
∫
r
dr′γ−2(r′)(∂
r
′U) PI . (59)
Under the coordinate change dr → e−2
∫
r
dr′γ−2(r′)(∂
r
′U) dr this goes into
∂rYI = ±2gγ−1 PI , (60)
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and hence
YI = cI ± 2g
∫ r
dr′γ−1(r′)PI , (61)
where the real cI denote integration constants. An equation for the warp factor anal-
ogous to (30) can be obtained by inserting (58) into (1). An explicit solution for the
warp factor may then be derived by expanding in powers of l−1.
We also obtain from (49), (55), (56) and (43) that
gx˜y˜(∂x˜Q
s)(∂y˜Q
s) = gx˜y˜(∂x˜W )(∂y˜W )
(1− γ2)
γ2W 2
. (62)
Inserting (62) into the expression for the potential (12) then yields
V = −6W 2 + 9
2
γ−2 gx˜y˜∂x˜W∂y˜W +
9
2
gXY ∂XW∂YW , (63)
where we also used (48). The expression (63) for the potential is in agreement with
the one given in [22].
Finally, let us briefly comment on the vanishing of the hyperini variation, δζA = 0.
The insertion of (42) into δζA = 0 results in a more complicated matrix equation than
(26), with the metric gXY in (26) replaced by a more complicated object. We leave the
analysis of the resulting matrix equation for the future.
To summarize, we have addressed the issue of the construction of curved BPS domain
wall solutions in five dimensions. We have seen that in the case when such domain wall
solutions are supported either by non-constant vector scalars or by both non-constant
vector and hyper scalars, we have to require ∂x˜Q
s 6= 0. We have also seen that only anti-
de Sitter domain walls are allowed by this construction. The resulting first order BPS
equations for the warp factor and for the vector scalars ((17) and (56), respectively) are
modified by the factor γ which depends on the four-dimensional cosmological constant
on the wall. These equations agree with those obtained previously in [22] in the context
of non-supersymmetric five-dimensional gravity theories. We also note the presence of
the additional condition (52) on the solution, as well as those arising from the flow
equations for the hyper scalars which we haven’t analyzed in this paper.
In the presence of hypermultiplets, it has been shown [15] that a gauged supergravity
theory can possess critical points with ultraviolet and infrared directions. Using the
AdS/CFT correspondence, this leads to the possibility of the construction of domain
wall solutions dual to regular renormalization group flows. It would be very interesting
to see if it is possible to construct curved BPS domain wall solutions interpolating
between such vacua and to understand the meaning of the domain wall cosmological
constant in the dual field theory flow. As an example one could consider deforming the
two-parameter solution of [15] describing the N = 2 embedding of the UV-IR solution
of [9].
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